REVERSES OF SCHWARZ, TRIANGLE AND BESSEL 
INEQUALITIES IN INNER PRODUCT SPACES 
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Abstract. Reverses of Schwarz, triangle and Bessel inequalities in inner prod- 
uct spaces that improve some earlier results are pointed out. They are applied 
to obtain new Griiss type inequalities in inner product spaces. Some natural 
applications for integral inequalities are also pointed out. 



1. Introduction 



Let {H: (•, •)) be an inner product over the real or complex number field K. The 
following inequality is known in the literature as Schwarz' s inequality: 

(1.1) 



{x,y)\^ < \\x\f \\yf , x,y e H; 



where ||z|| = {z, z) , z Cz H. The equality occurs in (1.1) if and only if x and y are 
linearly dependent. 

In [7], the following reverse of Schwarz's inequality has been obtained: 



(1.2) 



0<\\x\\'\\yf-\{x,y)\'<\\A-a\'\\y\\\ 



provided x,y £ H and a, A (z K are so that either 
(1.3) Re{Ay - x,x - ay) >0, 

or, equivalently, 



(1.4) 



A 



■ y 



<^l^-«llly|| 



holds. The constant ^ is best possible in (1.2) in the sense that it cannot be replaced 
by a smaller constant. 

If x,y,A,a satisfy either (1.3) or (1.4), then the following reverse of Schwarz's 
inequality also holds [8] 



(1.5) 



\x\\\\y\\ < 



< 



Re 



A{x,y) +a{x,y) 



[Re (aA)]^ 
|^| + |a| 



2 [Rc{aA)Y- 

provided that, the complex numbers a and A satisfy the condition Re (aA) > 0. In 
both inequalities in (1.5), the constant i is best possible. 
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An additive version of (1.5) may be stated as well (sec also [9]) 
(1.6) < ||.f - K..,>|» < \ . (I^|-M)' + 4^^^„|-Re(»^)| 

In this inequality, \ is the best possible constant. 
It has been proven in [10], that 



(1.7) 



0< 11x11 



provided, either 
(1.8) 

or, equivalently, 
(1.9) 



Re {(j)e — x,x — ipe) > 0, 



{x,e) 



i + ip 



where e = iJ, ||e|| = 1. The constant j in 1.7 is also best possible. 

If we choose e = 4> = T \\y\\ , <^ = 7 ||y|| (y 7^ 0) , r,7 e K, then by (1.8), 

(1.9) we have, 

(1.10) Re (ry - a;, a; - 7t/) > 0, 
or, equivalently. 



(1.11) 



r + 7 

X 7;—y 



< 2ir-7l l|y||, 



imply the following reverse of Schwarz's inequality: 
(1.12) 0<|Nh|yf -Kar,y)|'<l|^-7|'|M^ 



^+7 



The constant ^ in (1.12) is sharp. 

Note that this inequality is an improvement of (1.2), but it might not be very 
convenient for applications. 

Now, let {eijjgj be a finite or infinite family of orthornormal vectors in the inner 
product space {H; (•, •)) , i.e., we recall that 



if i^j 

1 if i = j 



In [11], we proved that if {ejj-g^ is as above, F c / is a finite part of / such that 
either 



(1.13) 

or, equivalently, 
(1.14) 



Re^, 



0i + 



< 



I (El*.- 



"Pi 



ieF 
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holds, where {4<i)i^i > {'Pi)i^i are real or complex numbers, then we have the fol- 
lowing reverse of Bessel's inequality: 

(1.15) 0< ||a;||^-^|(x,ei)|^ 



ieF \ieF 

ieF 




The constant | in both inequalities is sharp. This result improves an earlier result 
by N. Ujevic obtained only for real spaces [21]. 

In [10], by the use of a different technique, another reverse of Bessel's inequality 
has been proven, namely: 



(1.16) o<||x||^-^ 

ieF 

I -El* 



eF 

2 



4 

ieF ieF 



ieF 

provided that (ei)jgj , (</'i)jg/ , {<fi)i^i , x and F are as above. 
Here the constant \ is sharp in both inequalities. 

It has also been shown that the bounds provided by (1.15) and (1.16) for the 
Bessel's difference ||a;||^ — X^isF \{^T^i)^ cannot be compared in general, meaning 
that there are examples for which one is smaller than the other [10]. 

Finally, we recall another type of reverse for Bessel inequality that has been 
obtained in [12]: 

provided (^i'J.gj , ((y^J.g/ satisfy (1.13) (or, equivalently (1.14)) and J2ieF i^iWi) > 
0. Here the constant j is also best possible. 
An additive version of (1.17) is 



(1.18) 0<||x||^-^|(x,e,)|^ 

ieF 

1 EieF{m-\^^\f+'^U^^^\-'^^ 



"4 E.eFRe(0i^) 

The constant j is best possible. 

It is the main aim of the present paper to point out new reverse inequalities to 
Schwarz's, triangle and Bessel's inequalities. 

Some results related to Griiss' inequality in inner product spaces are also pointed 
out. Natural applications for integrals are also provided. 
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2. Some Reverses of Schwarz's Inequality 

The following result holds. 

Theorem 1. Let {H; {■,■)) be an inner product space over the real or complex 
number field K (K = M, K = C) and x,a G H, r > are such that 

(2.1) xGB{a,r):={zGH\\\z-a\\<r}. 

(i) // ||a|| > r, then we have the inequality 

(2.2) < ||a||^ - \{x, a)f < \\xf \\af - [Re {x, a)f < ||a;||^ . 

The constant C = 1 in front ofr"^ is best possible in the sense that it cannot 
be replaced by a smaller one. 

(ii) // ||a|| = r, then 

(2.3) \\xf < 2Re{x,a) < 2|(a;,a)|. 

The constant 2 is best possible in both inequalities. 

(iii) // ||a|| < r, then 

(2.4) ||a;||^ < - ||a||^ + 2Re(a;,a) < - ||a||^ + 2 a)| . 
Here the constant 2 is also best possible. 

Proof. Since x € B {a,r) , then obviously \\x — a\\^ < r^, which is equivalent to 

(2.5) ||a;||V ||a||^ -r^ < 2Re(x,a) . 

(i) If ||a|| > r, then we may divide (2.5) by y^||a||^ — > getting 
x\f I 2 2^ 2 Re (a;, a) 



(2.6) N I +W||ar-r2< 



|af-r2 ^||af 
Using the elementary inequality 

ap-\ q>2^ypq, a > 0, p,q>0, 

a 

we may state that 

2 



(2.7) 2\\x\\< "■^1' +^\ 

Making use of (2.6) and (2.7), we deduce 



2 2 



(2.8) \\x\\yj\\af -r'^ <Re{x,a) . 

Taking the square in (2.8) and re-arranging the terms, we deduce the third 
inequality in (2.2). The others are obvious. 

To prove the sharpness of the constant, assume, under the hypothesis of 
the theorem, that, there exists a constant c > such that 

(2.9) \\xf\\af^[Re{x,a)f<cr^\\x\\\ 

provided x G B (a, r) and ||a|| > r. 

Let r = > 0, £ G (0, 1) , a, e e -ff with ||a|l = ||e|l = 1 and a _L e. 
Put X = a-\- \fee. Then obviously a; e B (a, r) , ||a|| > r and ||a;||^ = ||a||^ + 
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(2.10) 



e ||e||^ = 1 + e, Re (x, a) — ||a||^ = 1, and thus ||a;||^ ||a||^ 
Using (2.9), we may write that 

s<cs{l + s), £>0 

giving 

c + C£ > 1 for any £ > 



[Re {x, a)Y 



Letting e — > 0+, we get from (2.10) that c > 1, and the sharpness of the 

constant is proved. 

(ii) The inequahty (2.3) is obvious by (2.5) since ||a|| = r. The best constant 
follows in a similar way to the above. 

(iii) The inequality (2.3) is obvious. The best constant may be proved in a 
similar way to the above. We omit the details. 



The following reverse of Schwarz's inequality holds. 

Theorem 2. Let {H; (•,•)) be an inner product space over K and a;, y G if, 7, T G IK 
such that either 



(2.11) 

or, equivalently, 

(2.12) 

holds. 



Re {Ty -x,x-jy)> 0, 

r + 7 



-y 



< 2ir-7llbll, 



(i) // Re (r7) > 0, then we have the inequalities 
(2.13) 



l|2|| ||2 .1 {Re[{T+-f){x,y)]} 
11^1' - 4' Re(r7) 



< 



|r + 7f 



\{x,y)r. 



4 Re (r7) 

The constant j is best possible in both inequalities. 

(ii) // Re (r7) = 0, then 

(2.14) ||a;||'<Re[(r + 7)(a;,y)] < |r + 7] . 

(iii) // Re (r7) < 0, then 

(2.15) ||a;||' < -Re(r7) +Re [(r + 7) {x,y)] 

< -Re(r7)||j/||' + |r + 7||(a;,y)|. 

Proof. The proof of the equivalence between the inequalities (2.11) and (2.12) fol- 
lows by the fact that in an inner product space Kc {Z — x,x — z) > for x,z,Z & H 
is equivalent with ||x — ^^\\ < W\Z — z\\ (see for example [9]). 
Consider, for y ^ 0, a = ^'^y and r = ^ |r — 7I ||y||^ . Then 



|r + 7| 



|r-7|- 



|^=Re(r7)||t/ir 
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(i) If Re (r7) > 0, then the hypothesis of (i) in Theorem 1 is satisfied, and by 
the second inequahty in (2.2) we have 



'"^ + '''' 'Ij/ir - \ {Re [(r + 7) (X, ,)] f<-AT-,\' llxf Ibf 



from where we derive 

'"^ + " '"^ " rf Ibf < ^ {Re [(r + 7) (X, .)] 



4 - 4 

giving the first inequahty in (2.13). 
The second inequality is obvious. 

To prove the sharpness of the constant \, assume that the first inequahty 
in (2.13) holds with a constant c > 0, i.e., 

(2.16) H= M£±Ml!, 

provided Re (F^) > and either (2.11) or (2.12) holds. 

Assume that r,7 > 0, and let x = jy. Then (2.11) holds and by (2.16) 
we deduce 



2 II l|4 ^ 

7 \\y\\ < c- 



(r + 7)S' \\yt 



r7 

giving 

(2.17) r7 < c (r + 7)^ for any T, 7 > 0. 

Let e e (0, 1) and choose in (2.17), T = 1+e, 7 = l-e > to get l-e^ < 4c 
for any e G (0, 1) . Letting e 0+, we deduce c > |, and the sharpness of 
the constant is proved. 

(ii) and (iii) are obvious and we omit the details. 



Remark 1. We observe that the second bound in (2.13) for is better 

than the second bound provided by (1-5). 

The following corollary provides a reverse inequality for the additive version of 
Schwarz's inequality. 

Corollary 1. With the assumptions of Theorem 2 and i/Re(r7) > 0, then we 
have the inequality: 

(2.18) < \\xt Wyf - \{x,y)t < J • \(x,y)f . 

The constant j is best possible in (2.18). 

The proof is obvious from (2.13) on subtracting in both sides the same quantity 
\{x,y)\^ . The sharpness of the constant may be proven in a similar manner to the 
one incorporated in the proof of (i), Theorem 2. We omit the details. 

Remark 2. It is obvious that the inequality (2.18) is better than (1.6) obtained in 
[9]. 

For some recent results in connection to Schwarz's inequality, see [2], [13] and 
[15]. 
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3. Reverses of the Triangle Inequality 

The following reverse of the triangle inequality holds. 

Proposition 1. Let {H; (•,•)) be an inner product space over the real or complex 
number field K (K = M, C) and x,a G H, r > are such that 

(3.1) 

Then we have the inequality 



\\x — all < r < \\a\\ 



(3.2) 0< +||ai| - ||x + a|| < \/2r. 



Re (x, a) 



Proof. Using the inequality (2.8), we may write that 

|aj| Re (x, a) 



X a < 



i«ir 



giving 
(3.3) 



< ||a;|| ||a|| - Re(a;,o) 
< Re (a;, a) — 



i«ir-' 

Re (x, o) 



\af-r^ 



' r2 + Hal 



Since 

then by (3.3), we have 



^11 + IklD' - Ik + af = 2 (||x|| ||a||-Re(x,a)), 



\\x + all 



2r2 Re (x, a) 



\af-r^ 



\af-r^ 



< ||x + a|| + y2r • 



giving the desired inequality (3.2). 



Re {x, a) 



The following proposition providing a simpler reverse for the triangle inequality 
also holds. 

Proposition 2. Let {H; {■,■)) be an inner product space over K and x,y G H, 
M > m > such that either 



(3.4) 

or, equivalently, 
(3.5) 



Re {My — x,x — my) > 0, 



M + m 

X 7, — y 



< -(M-m) \\y\\ 
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holds. Then we have the inequality 



M- 



(3.6) 0<||x|| + ||t/||-||x + t/||< " V^^^. 

Proof. Choosing in (2.8), a = ^^^^y, r = | (M - m) \\y\\ we get 

M + m. 



\\x\\\\y\\VM^<^^Re{x,y) 
giving 

< ||a;|| ||y|| — Re (x, y) < — Re ix, y) . 

2VmM 

Following the same arguments as in the proof of Proposition 1, we deduce the 
desired inequality (3.6). | 

For some results related to triangle inequality in inner product spaces, see [3], 
[17], [18] and [19]. 

4. Some Gruss Type Inequalities 

We may state the following result. 

Theorem 3. Let {H; {■,■)) be an inner product space over the real or complex 
number field K (K = M, K = C) and x,y,e € H with ||e|| = 1. Ifri,r2 € (0, 1) and 

(4.1) ||a;-e||<ri, \\y - e\\ < r2, 
then we have the inequality 

(4.2) \{x,y) - {x,e) {e,y) \ < nra \\y\\ . 

The inequality (4-2) is sharp in the sense that the constant c = 1 in front of rir2 
cannot be replaced by a smaller constant. 

Proof. Apply Schwarz's inequality in {H; {■, •)) for the vectors x— {x, e) e, y—{y, e) e, 
to get (see also [9]) 

(4.3) \{x,y)-{x,e){e,y)\'<{\\xf-\{x,e)\') {\\y\\' - \{y,e)\') . 
Using Theorem 1 for a = e, we may state that 

(4.4) \\xf-\{x,e)\'<rl\\xf, hf -\{y,e)\^ <rl\\yf . 
Utilizing (4.3) and (4.4), we deduce 

(4-5) \{x,y) - {x,e) {e,y)f' < rlrl \\x\f \\y\f , 

which is clearly equivalent to the desired inequality (4.2). 

The sharpness of the constant follows by the fact that iov x = y, r\ = r2 = r, we 
get from (4.2) 

(4.6) \\x\f -\{x,e)\' <r'^\\x\\^ 

provided ||e|| = 1 and ||a; — e|l < r < 1. The inequality (4.6) is sharp, as shown in 
Theorem 1, and the theorem is thus proved. | 

Another companion of the Griiss inequality may be stated as well. 
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Theorem 4. Let {H; {■,■)) be an inner product space over K and x,y,e G H 
with \\e\\ = 1. Suppose also that a,A,b,B e K (K = IR, C) such that Re(^a), 
Re (Bb) > 0. // either 

(4.7) Re (^e - a;, a; - oe) > 0, Re {Be - y,y - be) > 0, 

or, equivalently, 



(4.8) 



a + A 
X — e 



<\\A-a\, 



y- 



b + B 



<^\B-b\, 



holds, then we have the inequality 
(4.9) 



1 |A — a| IB — 61 
x,y) - {x,e} {e,y}\<-- j " J = \{x,e) {e,y)\ . 



/Rc(Aa) Re (Bb) 
The constant j is best possible. 
Proof. We know, by (4.3), that 

(4.10) \{x,y} - {x,e} {e,y}f < {\\xf - \{x,e}f) {\\y\f - \{y,e)f) . 

If we use Corollary 1, then we may state that 



(4.11) 

and 

(4.12) 



4 Re {Aa) 



\yr-\{y,e)\'<- 



2^1 \B-b\ 



4 Re{Bb) 



UtUizing (4.10) - (4.12), we deduce 



\{x,y} - {x,e} (e,y}\ < 



o 1 \A-af\B-bf 



16 Re{Aa)Re{Bb) 



\{x,e) {e,y)f' 



which is clearly equivalent to the desired inequality (4.9). 

The sharpness of the constant follows from Corollary 1, and we omit the de- 
tails. I 

Remark 3. With the assumptions of Theorem 4 o,nd if {x,e) , {y,e) ^ (that is 
actually the interesting case), one has the inequality 



(4.13) 



{x,y) 



{x,e) {e,y) 



1 



^ 1 \A-a\ \B-b\ 
~ ^ Y^Re {Aa) Rc {Bb) 



The constant j is best possible. 

Remark 4. The inequality (4-9) provides a better bound for the quantity 

\{x,y) - {x,e) {e,y)\ 

than (2.3) o/[9]. 

For some recent results on Griiss type inequalities in inner product spaces, see 
[4], [6] and [20]. 
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5. Reverses of Bessel's Inequality 



Let {H; (•, •)) be a real or complex infinite dimensional Hilbert space and {ei)^^^ 
an orthornormal family in H, i.e., we recall that (cj, ej) = if i,j € N, i ^ j and 

||ej = 1 for i e N. 

It is well known that, if a; S if, then the sum Xli^i is convergent and 

the following inequality, called Bessel's inequality 



(5.1) 

holds. 
If 



EK^'^^)!'^ INI'' 



i=l 



e (K) := {a = (aO.er 



C K 



Y^iLi k»l^ < °*^} ' where K = C or K = M, is 
the Hilbert space of all complex or real sequences that are 2-summable and A = 
e (K) , then the sum ^i^i convergent in H and if y := J^'iZi ^i^i ^ 

if, then |M| = (E.^i|A,|')'. 

We may state the following result. 

Theorem 5. LeA, {H: (•. •)) be an infinite dimensional Hilbert space over the real or 
complex number field K, (ej)^gpj an orthornormal family in H, X = G i"^ (K.) 

and r > with the property that 



(5.2) 

If X G H is such that 
(5.3) 

then we have the inequality 
(5.4) 



Ei^« 



2 ^ 2 

> r . 



< r, 



xf< 



< 



(E^^iRe \Yi{x,ei)]y 

\J2Zi A» {x,e^)\ 
E.=i|Ad'-r2 



— v^oo \ l ,2 ^El^^'^'^l ' 



i=l 



< |rf-El(^>e, 



i=i 



anii 
(5.5) 

(5.6) 

Proof. Applying the third inequality in (2.2) for a = J2Zi ^i^i ^ ^® have 



< 



■Ek^'' 







OO 


2 




2 


(5.7) 


Ikll' 


E Ai^i 
1=1 




Re ^a;,E AiCi^ 


< r-' Ikll' 
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and since 



i=l 



i=l 



2 



Re / x, ^ AjCj ) = E ^® ['^i ^»)] 



i=l 



then by (5.7) we deduce 

oo 

Nl'El^^ 



Re ( X, ^ XiBi 



1=1 



Wxf. 



giving the first inequality in (5.4). 

The second inequality is obvious by the modulus property. 

The last inequality fohows by the Cauchy-Bunyakovsky-Schwarz inequality 

2 oo oo 

|2 



<Ei^^i'Ek^.«')I'- 



i=l i=l 



The inequality (5.5) follows by the last inequality in (5.4) on subtracting in both 
sides the quantity \{x,ei)f < oo. | 

The following result provides a generalization for the reverse of Bessel's inequality 
obtained in [12]. 

Theorem 6. Let {H: {■,■)) and (ei)jgpj he as in Theorem 5. Suppose that T = 

^ Q^) ' 7 ~ (7i)ieN ^ ■^^ 0^) ^''^^ sequences of real or complex numbers 
such that 

oo 

(5.8) ^Re(ri7-)>0. 

i=l 

If X G H is such that either 



E 



i=l 



<Uf:\r.-,.f 



(5.9) 

or, equivalently, 

(oo oo \ 

i=l i=l / 

holds, then we have the inequalities 
(5.11) 



,,2.1 (E»tiRe[(r.+77)(^,e,)])^ 

-4' ESiRe(r,7-) 



< 



1 |ESi(r. + 77) 



E.=iRc(r,7-) 

|2 oo 



4 Ei:iRe(r,7T)^ 

T/ie constant 4 is 6est possible in all inequalities in (5.11). 
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We also have the inequalities: 
(5.12) 



CSO ^ sr^OO i-p iZ OO 

0<||xf-S:i(x.e.)Pa. ||;^^^;d) El(x,e.)r 



i=l 



-ffere t/ie constant j is also best possible. 

Proof. Since T,je£'^ (K) , then also | (r + 7) e (K) , showing that the series 



E 

i=l 



and ^Re(ri7-) 



are convergent. Also, the series 



^TjCi, ^7ie» and ^ 



j=l 



j=l 



1=1 



are convergent in the Hilbert space H. 

The equivalence of the conditions (5.9) and (5.10) follows by the fact that in an 
inner product space we have, for x, z, Z lE H, Rc {Z — x, x — z) > is equivalent to 
1 1 a; — ^-5^11 ^ ^\\Z — z\\ , and wc omit the details. 

Now, we observe that the inequalities (5.11) and (5.12) follow from Theorem 5 

on choosing = , z G N and r = ^ {j2ili ^ 7il^) ^ ■ 

The fact that j is the best constant in both (5.11) and (5.12) follows from 
Theorem 2 and Corollary 1, and we omit the details. | 

Remark 5. Note that (5.11) improves (1.17) and (5.12) improves (1.18), that have 
been obtained in [12]. 



For some recent results related to Bessel inequality, see [5], [14], [1] and [16]. 



6. Some Gruss Type Inequalities for Orthonormal Families 
The following result related to Griiss inequality in inner product spaces, holds. 

Theorem 7. Let {H; (•,•)) be an infinite dimensional Hilbert space over the real 
or complex number field K, and (ei)jgpj an orthornormal family in H. Assume that 
A = (Ai)jgf^ , fx = (Atj)jgN ^ (^) ^''^'^ ^"1) ^2 > with the properties that 

00 00 

(6.1) El^*l'>^i' J2\^'f>^l 

i=l 1=1 

If x,y G H are such that 



00 




00 




X - ^ XiCi 


<ri, 




< ra 


i=l 




i=l 
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then we have the inequalities 



(6.3) 



{x,y) - {x,ei) {ei,y) 



i=l 



< 



< 



rir2 



nr2 \\x\\ \\y\\ 



^|(a;,ei)|^^K2/,ei)f 



VE,=ilA.r-r?^E,=ik 



2 2 



Proof. Applying Schwarz's inequality for the vectors x—J^'^-^ {x, Ci) Bi, y—J2°Zi {y, e,) ( 
we have 



(6.4) 



^ (a;, e^)e^,y-Y^ {y, e,) Ci 



j=i 



< 



i=l 



j=l 



Since 



and 



Y {x, Ci) ei,y-Y {y^ ei) Cj \ = (a;, y) (e*' 



i=l 



i=l 



a:-^(a;,ej) 



then by (5.5) applied for x and y, and from (6.4), we deduce the first part of (6.3). 
The second part follows by Bessel's inequality. | 

The following Griiss type inequality may be stated as well. 

Theorem 8. Let (H; (•,•)) be an infinite dimensional Hilbert space and (ej)jgpj an 
orthornormal family in H. Suppose that (ri)-gp, , (7^)^^^ , {(t>i)iQjq , (^i)ieN ^ (^) 
are sequences of real and complex numbers such that 

00 00 
(6.5) 5^Re(r,7-)>0, ^Re($,^)>0. 

4=1 i=l 

If x,y € H are such that either 



(6.6) 



i=l 



vi=l 
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or, equivalently, 
(6.7) 



Rc / ^ Tid -x,x-Y^ 7,6^ \ > 0, 

\i=l i=l / 

/ oo oo \ 

Re ( ^ ^iCi -y,y-J2 <^«ei ) > 0, 



holds, then we have the inequality 



(6.8) 



{x,y) -'^{x,ei) {ei,y) 



i=l 



1 E,=iiri-7»l 
< - • 



2\ 2 



2\ 2 



< - 

- 4 



^ (E,=iRe(r,7-))ME.=iR^(*,:^)' 

(oo \ 2 / oo \ 2 

1 (ESiir.-7.r)'(E,^i 1^.-^.1')^ 



[ESiRe(r,7T)]5[^~^Re($,0^)]^ 



T/ie constant j is best possible in the first inequality. 

Proof. Follows by (5.12) and (6.4). 

The best constant follows from Theorem 4, and we omit the details. | 

Remark 6. We note that the inequality (6.8) is better than the inequality (3.3) in 
[12]. We omit the details. 

7. Integral Inequalities 

Let (fi, S, jjb) be a measurable space consisting of a set Vt, a it— algebra of parts 
E and a countably additive and positive measure /i on S with values KU {oo} . 
Let p > be a 5— measurable function on f2 with p (s) dfj, {s) = 1. Denote by 

(17, K) the Hilbert space of all real or complex valued functions defined on fl and 
2 — p— integrable on O, i.e., 

(7.1) 

It is obvious that the following inner product 
(7.2) 



/ p{s)\f{s)fdi^{s)<^. 
Jn 

ing inner product 

{f,9)p-= / P{s)fis)g{s)dp{s), 
Jn 



generates the norm ||/||^ : 
above results may be stated for integrals. 
It is important to observe that, if 



1 

In P{s)\f (s) 1^ dp (s)) ' of Ll {n, K) , and all the 



(7.3) 



Re 



/ (s) g{s) > for p — a.e. s gQ, 
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then, obviously, 

(7.4) Re(/,5) =Re / p (s) / (s) ^d/x (s) 
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p(s)Re f{s)g{s) dn{s)>0. 



The reverse is evidently not true in general. 

Moreover, if the space is real, i.e., K = R, then a sufficient condition for (7.4) to 
hold is: 



(7.5) 



/ (s) > 0, g{s)>0 for n - a.e. s e O. 



We provide now, by the use of certain result obtained in Section 2, some integral 
inequalities that may be used in practical applications. 

Proposition 3. Let f,gGL'j, {fl, K) and r > with the properties that 

(7.6) \f (s) - g {s)\ < r < \g {s)\ for ti - a.e. s & n, 
and p{s)\g {s)f dfi (s) ^ r. Then we have the inequalities 

(7.7) 0< / p(s)|/(s)|'dM(s) / p{s)\g{sfd,i{s)- [ p {s) f {s)J{s)di, (s) 

Jn Jn Jn 

[ p{s)\f{s)\'dn{s) [ p{s)\g{s)\'dt,{s) 
Jn Jn 

p{s)Re(f{s)i{s))dii{s) 



< 



/ 

Jn 



<r' 



p{s) \g{s)fdn{s) . 

The constant c = 1 in front of r^ is best possible. 

The proof follows by Theorem 1 and we omit the details. 
Proposition 4. Let f,g & L'^p (f2, K) and 7, F e K such that Re (F^) > and 

(7.8) Rc 



(rg(s)-/(s)) /(s)-75(s) >0 for - a.e. s & n. 



Then we have the inequalities 



(7.9) 



< 



< 



p{s)\f{s)fdti{s) [ p{s)\g{s)fd,,{s) 
Jn 

1 {Re[{T + ^)J^p{s)f{s)i{r)dfi{s)]y 



Re (r7) 



1 |r + 7l 



/ 

Jn 



P {s) f {s) g {s)dii (s) 



4 Re (F7) 

The constant j is best possible in both inequalities. 

The proof follows by Theorem 2 and we omit the details. 
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Corollary 2. With the assumptions of Proposition 4, we have the inequality 
(7.10) 0< / p{s)\f{s)fdf,is) [ p{s)\g{s)fdf,{s) 



Pis)f{s)9is)dfi{s) 

2 



p{s)f{s)g{s)d^i{s) 



4 Rc (r7) 
The constant j is best possible. 

Remark 7. // the space is real and we assume, for M > m > 0, that 
(7.11) mg{s)<f{s)<Mg{s) for - a.e. s G Cl, 

then, by (7.9) and (7.10), we deduce the inequalities 



(7.12) 

and 
(7.13) 



/ p{s)[f{s)]'d„{s) [ p{s)[gis)fd^,is) 



^ 1 (M + mY 
~ 4 mM 



P (s) f (s) 9 (s) d/j. (s) 



< 



/ p{s)[f{s fdn{s) [ p{s)[g{s)]^d^,{s) 
Jq Jq 

- / P{s)f{s)g{s)dii{s) 
Jq 

/ P{s)f(.s)g{s)dii{s) 
Jq 



^1 {M -m) 
~ 4 mM 



The inequality (7.12) is known in the literature as Cassel's inequality. 

The following Griiss type integral inequality for real or complex- valued functions 
also holds. 

Proposition 5. Let f, g, h e L'^ (il, K) with JqP{s) \h (s)|^ d/j, (s) = 1 and a, A,b,B £ 
K such that Re {Aa) , Re (56) > and 

Re [{Ah (s) - / (s)) (Tis) - ah{s)) ' 

Re [{Ah (s) - g (s)) (i{s) - bh{s))' 

for jjL—a.e. s e f2. Then we have the inequalities 
(7.14) 

/ p{s)f{s)g{s)diJ,{s)- I p{s) f {s)h{s)dp.{s) I p{s)h{s) g{s)dp,{s 
Jq Jq Jq 

\A-a\\B-h\ 



> 0, 

> 0, 



1 

< - • 

- 4 



Y^Re {Aa) Re {Bb) 
The constant \ is best possible. 
The proof follows by Theorem 4. 



p{s) f {s)h{s)dii{s) / p{s)h{s)g{s)dii{s) 
Jq 
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Remark 8. All the other inequalities in Sections 3-6 may be used in a similar 
way to obtain the corresponding integral inequalities. We omit the details. 
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